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Abstract 

One shows that Cartan's method of adapted frames in Chap- 
ter XII of his famous treatise of Riemannian geometry, leads 
to a classification theorem of homogeneous Riemannian mani- 
folds. Examples of classification in 3D dimensions obtained by 
Cartan are given using this powerful method. 
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1 Introduction. 

The first édition of Cartan's Riemannian geometry textbook ( some 
think, the most important text on Riemannian geometry to this day), 
was based on Cartan's lectures in 1925. An augmented édition ap- 
peared in 1946 [second édition, Gauthier- Villars, Paris, 1946]. In view 
of the great influence which this work has exerted on the subséquent 
development of Differential Geometry. The book was translated in En- 
glish and in Russian, and carefully reviewed in Math Reviews in 1985. 
That review, which was presenting Cartan's work to a Worldwide au- 
dience, had an important omission: Cartan's contribution in Chapter 
XII: Groups of Isometries of a Riemannian Manifold. To thèse days 
the élégance and the richness in ideas adapted frames that were at the 
center of that book chapter, are still little known to the gênerai com- 
munity of mathematicians, and surprisingly enough, are rarely quoted 
by Riemannian geometry experts. In this paper we will go to over 
that Chapter with having also on mind more récent development s of 
Cartan's ideas. 

2 Simply transitive groups of isometries 
of Riemannian manifolds 

The objective of Chapter XII in [C46J was to (i) détermine those Lie 
groups that act as groups of isometries of a Riemannian manifold, and 
(ii) for such a Lie group, find the Riemannian manifolds admitting that 
group as a group of isometries. 
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Assume K is a Lie group, subgroup of the group I g M of isometries 
of the Riemannian manifold (M, g). For each point x G M, the orbit 
of x ( called by Cartan trajectory) is K(x) = {k(x),k G K.} Cartan 
introduces the method of adapted f rames. For each u G OM x , Cartan 
defines the adapted frame field to be frame field defined on the orbit 
K(x) as follows : 



The group K is transitive if K(x) = M, which is same as saying that 
(M, g) is a Riemannian homogeneous space. Cartan considers first 
the particular case when the group K is simply transitive. In this case 
in the isotropy group G = K x , subgroup of éléments in K that keep 
the point x fixed, is trivial, and the manifold M and K are in a one 
to one correspondence, thus M has a Lie group structure. Moreover 
the adapted frame field U defined in (CE]) détermines the Riemannian 
metric on M, since the if we define O u to be the dual form of the 
orthoframe field U, then the Riemannian metric g is given by 



e u {k{x) = e\k{x))u 1 {k{x)) + ■■■ + e n {k{x))u n {k{x)). (3) 



Then since the form Q u is invariant ( VA; G K, L£@ u = @ u ), it follows 
that dQ u is also invariant, therefore 



U(kx) = (d x k)(u),Vk G K. 



(1) 



s = lie«ll 2 - 



(2) 



. Assume M has dimension n and let 




(4) 
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where Cj fc are constants with Ck + CL = 0. 

On the other hand the connection forms associated with the frame 
filed Q u are defined by 

d6 i + 9) A 6 j = 0,6} + 9{ = 0,Vi, j = 1, . . . ,n. (5) 

From (j3J), (jSJ) Cartan obtains 



o) = -c\ k e k . (6) 



On the other hand the curvature forms associated with the frame filed 
Q u are defined by 

= de} + l -e{ a et = o, + rç' = o, vi, j = 1, . . . , n, (7) 

and the Riemann-Christoffel curvature coefficients i2k r with respect 
to this frame are given by 

n ) = \ R Ur 0k A R )kr + R)rk = 0, Vi, J, k, V = 1, . . . , n, (8) 

and since the we work in an orthogonal frame filed, i?* fcr = Rijkr From 
équations ©-(JE]) Cartan obtains 

Rijkr ij C krm. (9) 

Example 2.1 In Chapter XII Cartan considers the particular exam- 
ple of the unit sphère S 3 = {x = (x 1 , x 2 , x 3 , x 4 ) G M 4 , ||x|| 2 = 1, and 
considers the Pfaff forms 

ai = —x 2 dx l + x l dx 2 — x 4 dx 3 + x 3 dx 4 

a 2 = -a^cfe 1 + x 4 dx 2 + x 1 dx 3 - x 2 dx 4 (10) 

(T3 = — x 4 dx l — x 3 dx 2 + x 2 dx 3 + x x dx 4 



that correspond to an adample frame field corresponding to a simply 
transitive group of isometries. Milnor (\M76^ ) showed that any left 
invariant matric on S 3 is of the forra g x , where 

9x = 4((A 2 A 3 )-V 1 2 + (A!A 3 )-V 2 2 + (A^-V 2 ). (11) 

3 Riemannian manifolds that admit a mul- 
tiply transitive group of isometries. 

The second part of Chapter XII in |C46j is dedicated to transitive 
groups of isometries K of a Riemannian manifold (M, g) for which 
the dimension of the isotropy group H = K x is positive. As a star- 
ting point, Cartan the isotropic représentation q = A u (fj) ([]]) of the 
isotropy algebra f) as a Lie subalgebra of o(n). Note that the Lie group 
K is embedded in the orthoframe bundle O g M, via 

Mk) = (d x k)(u),VkeK. (12) 

Let 6 e ^(OgM^ 11 ),^ e ri 1 (O g M,o(n)) be the dual, respectively 
the Levi-Civita connection form of (M, g). The vector valued differ- 
ential forms 6 U = <fi* u 9, uj u = <p* u uj are left-invariant differential forms 
on K, with 6 U G fi x (K, W 1 ), u u E fi x (K, o(n)), and if g- 1 is the ortho- 
complement of Q in o(n), then the left invariant forms 6 u ,u UjS on K 
are linearly independent, and the Levi-Civita connection form, then 
the (f) u pull-back of the structure équations, 

d9 + lj A 9 = 0,Q = duo + -lu Au, (13) 
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yield the Maurer-Cartan équations of K. 



d9 u + u u A 6 U = 0, Q u = du u + ~u u A u u , 



(14) 



If oj u = ùu UtS © uj us ± is the décomposition of oj u with respect to the 
splitting o(n) = gffig -1 , the g^-component uj Uj9 ± dépends on 9 U only as 
shown by Cartan, therefore there is a g-invariant linear map T : R™ — > 
such that ^ Ui0 x = r(6* u ). Similarly, if fi u = fi Uj0 © fi u ,s->-, there is a 
0- invariant bilinear map fi : R n x M" g, such that fi Ui0 = Ù(8 U ,9 U ). 
The Lie algebra équations, dual to (ÎT41 are: 

T(X, F) = T(Y)X - T(X)Y 
Ù(X,Y)=IÎ-[T(X),T(Y)] g 



(15) 



-T(X,F)-fi(X,y), 



leading us to the following définition 

Définition 3.1 An n— dimensional Cartan triple in a triple (q,T, fi) 
where V : R n — > g -1 zs a g-invariant linear map and 



fi : 



x 



zs a g-invariant bilinear map such that if we define T, fi and the 



"taller" bracket 



yields a Lie algebra structure 



by UB, then 

on Î(q, r, fi) = g © R n , provided some identities in fi and T, resulting 
from the Jacobi identities for that Lie algebra hold true. 
Hère [, ] is the commutator of two matrices and £ is the Q-component 
of £ with respect to the décomposition o(n) = Q(B Q ± - 
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3.1 Maximal closed Cartan triples and full groups 

of isometries of Riemannian homogeneous spaces 

Cartan triples were introduced by Patrangenaru [P94] , who used them 
to classify metrically Riemannian homogeneous spaces. Note that for 
each Cartan triple (g, r, Q), g is a Lie subalgebra of ï = t(g, T, Q). Let 
K be the simply connected Lie group of Lie algebra ï and let G be 
the connected Lie subgroup of K, whose Lie algebra is g. The Cartan 
triple (g, T, Q) is said to be closed if G is a closed subset of K. 

Assume TZi, IZ2 are two Cartan triples, such that for j = 1, 2, IZj = 
(qj, Tj, Qj). We say that TZ\ < IZ2 if there is a vector subspace a of g2 
such that 



fli Q 02 = fli © a, fli =02 © a (16) 
and with respect to the décompositions in (3) we have 

r 1 = r 2 ©r Q , (17) 

n 2 =ni©n , (is) 

where T a is the a-component of Tx and Q a is the a-component of Vt 2 
with respect to the corresponding décomposition in (3). 

Let C n be the set of ail n-dimensional Cartan triples and let À4 n 
be the set of maximal Cartan triples in (C n , <). The orthogonal group 
O(n) acts on the right on C n , leaving M. n invariant. This action A n 
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is given by A n ((g, Y, fi), a) = (g', V, fi'), where 

g' = Ad{a~ l )g, (19) 
r'(-) = Ad(a- l )T(a{-)), (20) 
fi'(-, •) = Ac/(a" 1 )fi(a(-), o(.)). (21) 

The following resuit is an immédiate conséquence of the main resuit 
in [P94] . 

Theorem 3.1 (\P9J$ ). There is a one to one correspondance between 
isometry classes of simply connected n- dimensional Riemannian ho- 
mogeneous spaces and A n - orbits of closed Cartan triples in M. n . 

In this correspondence, if (M, g) is a Riemannian homogeneous space, 
if u G O g M x is a fixed orthoframe at a given point x G M, if 6(M) X is 
the Lie algebra of Killing vector fields on M vanishing at x, and if \ u is 
the linear isotropic représentation, then one may take g = À U (£(M) X ), 
and T and fi in équation (2) are the torsion and the g-component of 
the curvature of the Ambrose-Singer connection. Conversely a simply 
connected Riemannian homogeneous space corresponding to a closed 
maximal Cartan triple is usually called a géométrie realization of that 
Cartan triple. As a manifold is the quotient space K/G, where K 
is the simply connected Lie group of Lie algebra ï and G is the Lie 
subgroup corresponding to g. The subgroup G is simply connected by 
the exact homotopy séquence of the fibration G Ç K -* K/G. The 
metric is defined by the Euclidean norm in R n , and, by the définition 
of the Cartan triple is a<i(g)-invariant, hence K/G is a reductive ho- 
mogeneous space |KN69j . 
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Remark 3.1 Theorem \3.1\ in the line of Cartan's algorithmic program 
of classification of Riemannian homogeneous spaces in dimension n. 
That program was based on the following three steps: 

(i) Détermine ail the closed Lie subgroups of 0(n). 

(ii) For a given Lie subgroup G Ç O(n), détermine ail the Lie groups 
K acting as transitive groups of isometries of a Riemannian manifold 
with isotropy group G, and 

(iii) Given a Lie group K as in (ii), détermine ail the homogeneous 
spaces (M, g) admitting K as a group of isometries. 

4 The 3D Riemannian homogeneous spaces 
with a multiply transitive group of isome- 
tries. 

Let (et-) i,j=x,..,n be the natural basis of g[(n,M); the matrices e* act on 
the natural basis of R n as linear endomorphisms by: 

(e})(e fc ) = ^e i ,Vi,j,A; = î^. (22) 

An orthogonal basis of o(n) with respect to the Killing form is given 
by 

fj = e)-4,^(i,j),l<j<i<n. (23) 

Cartan considérée! in a separate section the case n = 3. As a first step 
in the Cartan triple method, note that any nontrivial, proper Lie sub- 
algebra of o(3) is conjugated to 0i = M.ff. Therefore, in the multiply 
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transitive case, by Theorem 13.11 it suffices to list only ^-orbits of the 
following "spécial" Cartan triples: 

- (o(3), 0, H), and 

- (0i,r,H). 

An (o(3), 0, Q) Cartan triple corresponds to a Riemannian manifold 
whose group of isometries is six dimensional. In this case a géomét- 
rie realization of such a Cartan triple lias constant curvature ( |K72] . 
Theorem 3.1). A three dimensional simply connected Riemannian ma- 
nifold {M, g) with dim(I(M, g)) = 6 and positive sectional curvature 
is isometric to a round sphère E> 3 R of radius R > 0, the o(3)-curvature 
of which has the form Q = R~ 2 Qi. Here 

fii(x,y) = {x x y 2 -x 2 y x )fl + {xV -xV)fl + {xV ~xV)fl (24) 

Elie Cartan's application of his method of adapted frames in 3D, in our 
terminology amounts to listing the (g 1; T, fl) - Cartan triples. Cartan's 
resuit s £1X6 clS follows: 

r(e 1 )=a/ 1 3 + 6/ 2 3 , 
r(e 2 ) = -&A 3 + a/ 2 3 , 

r(e 3 ) = 0, (25) 
fi(ei,e 2 ) = kfl, 
fi(ei,e 3 ) = fi(e 2 ,e 3 ) = 0, 

where 

a(k + a 2 + b 2 ) =ab = 0. (26) 

If a ^ 0, from équations (T25]) - (Î26|) with a = Span(ff,f$), one can 
show that the Cartan triple is smaller than (o(3), 0, — a 2 Qi), thus a 
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géométrie realization lias constant négative sectional curvature. Note 
that in the case of a symmetric space M the Ambrose-Singer connec- 
tion and the Riemannian connection coincide as connections on M, 
therefore one can read both the isometry group and the curvature op- 
erator from the Cartan triple ( see équations (2)). 
If a = 0, a straightforward computation shows that a géométrie real- 
ization has the Ricci quadratic form given by 



Ric(x) = {k + ^((x 1 ) 2 + (x 2 ) 2 ) + 26 2 (x 3 ) 2 . 



(27) 



Since the sectional curvature is positive if and only the Ricci quadratic 
form is positively defined, it follows that a géométrie realization of 
such a Cartan triple has positive sectional curvature only if b ^ and 
k > —b 2 . Moreover, Cartan [C46J showed that in this CclSG cl géométrie 
realization is topologically a three dimensional sphère. Also note that 
such a Cartan triple is maximal iff b ^ 0, b 2 ^ k > —b 2 . From équation 
(1251) it follows that the isometry group of a géométrie realization of 
such a Cartan triple is a 4 dimensional extension of the the group S 3 
of unit quaternions by the group of unit complex numbers S 1 . Indeed 
from (2) and (12), with a = 0, it follows that 



fi, ei 



ei,e 2 
ei,e 3 
e 2 



-2be 3 -(k + b 2 )f 2 



be-2 



e2,e 3 



ft,e 2 



ei, 



fie, 



-bei, 



0. 



(2* 



showing that if K is the simply connected Lie group of Lie algebra 
ï =: Î(qi, T, Q), then s =: Span(ei, e 2 , 2be 3 + (k + b 2 )ff) is a Lie sub- 
algebra of t that is transverse to Qi. From the gênerai Cartan triple 
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approach [P94] it follows that s is isomorphic to a transitive Killing 
algebra of the géométrie realization M of (0i,r, fl), that is s can be 
identified with a Lie algebra of Killing vector fields on M, such that for 
any point x G M, the évaluation map ev x : s — > T^M, ev x (£) = £(x) 
is onto. Since diras = dim(Wl), it follows that ev x is an isomorphism. 
Thus the connected Lie subgroup S of K of Lie subalgebra s acts tran- 
sitively on M, with a discrète isotropy group (fiber F of the projection 
7r : S* — > M, n(g) = g(x)). Note that from the structural équations of 
this Lie subalgebra, it turns out that S is isomorphic to S 3 , the group 
of unit quaternions. From the exact homotopy séquence of this fibra- 
tion, since S is connected and simply connected we get vr (F) = 0, 
that is F is the fiber is the trivial subgroup of S, showing that tt is 
a diffeomorphism. Note that and since K is compact, the isotropy 
group (in this case the Lie subgroup of K whose Lie algebra is M/f) is 
a closed one dimensional subgroup of a compact Lie group and there- 
fore it is isomorphic to S 1 . 

Elie Cartan ( [C46] . p. 305) integrated the structural équations (15) 
and calculated the Riemannian structure of the corresponding homo- 
geneous spaces. 

Définition 4.1 A géométrie realization 0/(01, T, Q), with a = 0, b 7^ 
and b 2 k > —b 2 is said to be a Cartan sphère. 

Using (15) one can construct an isomorphism of Lie algebras 
(f) : Ï(q u r, H) -> u(2), with <f>(s) = su(2). Shankar |S2001] mentions 
that § 3 (regarded here as SU(2) ) admits Riemannian homogeneous 
structures ( not normal ) with U(2) as the connected component of 
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the full group of isometries. Thèse are the only possible 4 dimen- 
sional full groups of isometries of simply connected three dimensional 
Riemannian homogeneous manifolds with positive sectional curvature. 
Therefore we hâve following resuit. 

Proposition 4.1 The Cartan sphères correspond to the three dimen- 
sional Riemannian homogeneous manifolds Shankar's list, whose iso- 
metry groups are locally isomorphic to U(2). 

At the end of this section Cartan obtained the following resuit. 

Theorem 4.1 (Cartan) Any géométrie realization of a Cartan triple 
in 3D that admits a four dimensional transitive group of isometry is 
homeomorphic to the Euclidean space, a product of a round sphère 
and an Euclidean line or a 3D sphère. Those géométrie realizations 
of positive scalar curvature are sphères, but there are 3D sphères, gé- 
ométrie realizations of 3D Cartan triples that do not have a positive 
scalar curvature. 



Remark 4.1 Theorem \4-l\ was later extended by in ÏP9py who showed 



that géométrie realizations of 3D Cartan triples, including triples with 
= 0, can be deformed to one of the eight 3D geometries of Thurston, 
that are the building blocks of 3D manifolds according to Thurston and 
Perelman. 
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5 General intransitive groups of isome- 
tries. Groups whose orbits are curves 
or surfaces 

In the last two sections of Chapter XII, Cartan considers the case 
of intransitive groups of isometries. If K, is an intransitive group of 
isometries of an n + k dimensional Riemannian manifold (M, g), and 
K(x) be an orbit of maximum dimension n of K, then K is transi- 
tive on K(x), therefore Cartan shows that one can select coordinates 
x 1 , . . . x n , y 1 , . . . , y r ), locally around K(x) such that y a , a = 1, . . . , r 
are invariants of the group K and for fixed y 1 , . . . , y r ), the group acts 
transitively on the sub manifold described by x 1 , . . . , x n . This is a foli- 
ation of M by homogeneous spaces. Finally in Chapter XII of [C46J , 
Cartan describes the form of the metric tensor, in case the maximal 
orbits are curves or surfaces. 
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